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SEMISIMPLE AND SEPARABLE ALGEBRAS IN MULTI-FUSION
CATEGORIES
LIANG KONG AND HAO ZHENG
Abstract. We give a classification of semisimple and separable algebras in a
multi-fusion category over an arbitrary field in analogy to Wedderben-Artin
theorem in classical algebras. It turns out that, if the multi-fusion category
admits a semisimple Drinfeld center, the only obstruction to the separability
of a semisimple algebra arises from inseparable field extensions as in classical
algebras. Among others, we show that a division algebra is separable if and
only if it has a nonvanishing dimension.
1. Introduction
Fusion categories and their generalization, multi-fusion categories, have attracted
a lot of attentions recently not only because of their beautiful theory (see [ENO,
EGNO] and references therein) but also because of their important applications in
other areas such as topological field theory and condensed matter physics.
In this paper, we give a systematic study of two classes of very basic but very
rich algebras in a multi-fusion category: semisimple algebras and separable algebras.
First, we give a classification of semisimple algebras in terms of division algebras
(Theorem 3.10) in the spirit of Wedderben-Artin theorem in classical algebras, as
well as a classification of separable algebras (Theorem 4.9) together with several
separability criteria.
By definition, a multi-fusion category is a rigid semisimple monoidal category.
If we assume further that the multi-fusion category admits a semisimple Drinfeld
center, then the theory becomes more consistent with classical algebras. It turns
out that the only obstruction to the separability of a semisimple algebra arises from
inseparable field extensions (Theorem 5.10, Corollary 5.4, Theorem 6.10).
Among others, we introduce the notion of the dimension of a division algebra
(Definition 6.1), and show that a division algebra is separable if and only if it has
a nonvanishing dimension (Theorem 6.3). As an application, we show that a fusion
category over an algebraically closed field has a semisimple Drinfeld center if and
only if it has a nonvanishing global dimension (Corollary 6.7). This generalizes a
result due to [Mu2, ENO, BV].
Acknowledgement. HZ is supported by NSFC under Grant No. 11131008.
2. Multi-fusion categories
In this section, we recall some basic facts about monoidal categories and multi-
fusion categories. We refer readers to the book [EGNO] for a general reference. We
will follow the notations in [KZ].
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Given left modules M,N over a monoidal category C, we use FunC(M,N) to
denote the category of C-module functors F : M→ N which preserve finite colimits
throughout this paper. We remind readers that a functor between abelian categories
preserve finite colimits if and only if it is right exact.
Definition 2.1. Let C be a monoidal category. We say that an object a ∈ C is left
dual to an object b ∈ C and b is right dual to a, if there exist morphisms u : 1→ b⊗a
and v : a⊗ b→ 1 such that the compositions
a ≃ a⊗ 1
Ida ⊗u
−−−−→ a⊗ b⊗ a
v⊗Ida
−−−−→ 1⊗ a ≃ a
b ≃ 1⊗ b
u⊗Idb
−−−−→ b⊗ a⊗ b
Idb ⊗v
−−−−→ b⊗ 1 ≃ b
are identity morphisms. We also denote a = bL and b = aR. We say that C is rigid,
if every object has both a left dual and a right dual.
Let A,B be algebras in a monoidal category C. Given a left C-module M, we use
LModA(M) to denote the category of left A-modules in M. Given a right C-module
N, we use RModB(N) to denote the category of right B-modules in N. We use
BModA|B(C) to denote the category of A-B-bimodules in C. Note that LModA(C)
is automatically a right C-module and that RModB(C) is a left C-module.
Remark 2.2. Let A be an algebra in a rigid monoidal category C. Given a left A-
module x, the action A⊗x→ x induces a morphism xL⊗A→ xL which endows xL
with the structure of a right A-module. Therefore, the functor x 7→ xL induces an
equivalence LModA(C) ≃ RModA(C)
op. In particular, AL defines a right A-module.
Definition 2.3. Let C be a monoidal category and M a left C-module. Given
objects x, y ∈M, we define an object [x, y] ∈ C, if exists, by the mapping property
HomC(a, [x, y]) ≃ HomM(a⊗ x, y),
and refer to it as the internal hom between x and y. We say that M is enriched in
C, if [x, y] exists for every pair of objects x, y ∈M.
Remark 2.4. It is well known that if [x, x] exists for an object x ∈ C, then it
defines an algebra in C. If C is rigid, we have a canonical isomorphism for a, b ∈ C,
x, y ∈M
a⊗ [x, y]⊗ b ≃ [bR ⊗ x, a⊗ y].
Remark 2.5. Let C be a rigid monoidal category that admits coequalizers, and
let A be an algebra in C. An easy computation shows that [x, y] ≃ (x ⊗A y
R)L for
x, y ∈ RModA(C). In particular, [A, x] ≃ x and [x,A
L] ≃ xL.
Remark 2.6. In the situation of Remark 2.5, let M = RModA(C). Note that the
forgetful functor [A,−] : M → C admits a left adjoint functor − ⊗ A as well as a
right adjoint functor −⊗AL. In particular, we have a unit map IdM → [A,−]⊗A
L
and a counit map [A,−]⊗A→ IdM.
Remark 2.7. Let A be an algebra in a monoidal category C. There is a canonical
isomorphism of monoids HomC(1, A) ≃ HomRModA(C)(A,A). This is a special
case of the more general isomorphism HomC(x, y) ≃ HomRModA(C)(x ⊗ A, y) for
x, y ∈ RModA(C).
Let k be a field throughout this work. We denote by k the symmetric monoidal
category of finite-dimensional vector spaces over k.
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Definition 2.8. By a finite category over k we mean a k-module C that is equivalent
to RModA(k) for some finite-dimensional k-algebra A; we say that C is semisimple
if the algebra A is semisimple. By a k-bilinear functor F : C×D→ E, where C,D,E
are finite categories over k, we mean that F is k-bilinear on morphism and right
exact separately in each variable.
Remark 2.9. Note that Deligne’s tensor product M⊠N for finite categories M,N
over k is the universal finite category which is equipped with a k-bilinear functor
⊠ : M × N → M ⊠ N. If M ≃ RModA(k) and N ≃ RModB(k), then M ⊠ N ≃
RModA⊗B(k).
Definition 2.10. A finite monoidal category over k is a monoidal category C such
that C is a finite category over k and that the tensor product ⊗ : C × C → C is
k-bilinear. We say that a nonzero finite monoidal category is indecomposable if
it is not the direct sum of two nonzero finite monoidal categories. A multi-fusion
category is a rigid semisimple monoidal category. A fusion category is a multi-fusion
category C with a simple tensor unit.
Remark 2.11. If C is a monoidal category, then ⊗ : HomC(1,1)×HomC(1,1)→
HomC(1,1) is a homomorphism of monoids. As a consequence, the monoid HomC(1,1)
is commutative. In particular, if C is a fusion category then HomC(1,1) is a field.
Remark 2.12. Let C be an indecomposable multi-fusion category, and let 1 =⊕
i ei be the decomposition of the tensor unit in terms of simple objects. Then
C ≃
⊕
i,j Cij where Cij = ei ⊗ C⊗ ej . Each of Cii is a fusion category and we have
Z(C) ≃ Z(Cii) [KZ, Theorem 2.5.1]. In particular, HomZ(C)(1,1) is a subfield of
HomCii(1,1).
Definition 2.13. Let C be a finite monoidal category over k. We say that a left
C-module M is finite if M is a finite category over k and the action ⊗ : C×M→M
is k-bilinear. We say that a nonzero finite left C-module is indecomposable if it is
not the direct sum of two nonzero finite left C-modules. The notions of a finite
right module and a finite bimodule are defined similarly.
Remark 2.14. The class of finite module categories behaves well under many
categorical constructions. For example, if M is a finite left module over a finite
monoidal category C, then M is enriched in C. If, in addition, C is rigid, then
M ≃ RModA(C) for some algebra A in C. Conversely, RModA(C) is finite for any
algebra A in a finite monoidal category C. See [KZ, Section 2.3].
Definition 2.15. Let C be a semisimple category over k and let k′/k be a finite
extension. We say that the finite category C ⊠ k′ over k′ is obtained by applying
base extension on C.
Remark 2.16. If C is a multi-fusion category, then Z(C ⊠ k′) ≃ Z(C) ⊠ k′ [KZ,
Proposition 2.4.7]. If A is an algebra in a semisimple monoidal category C, then
RModA⊠k′(C⊠k
′) ≃ RModA(C)⊠k
′ and BModA⊠k′|A⊠k′(C⊠k
′) ≃ BModA|A(C)⊠
k′ [KZ, Proposition 2.3.12]. That is, base extension is compatible with taking
Drinfeld center and module category. Moreover, C ⊠ k′ remains semisimple for a
semisimple category C if k′/k is a separable extension. Consequently, C ⊠ k′ is a
multi-fusion category over k′ if it is obtained by applying a separable base extension
on a multi-fusion category C over k.
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The following theorem is an easy consequence of Barr-Beck theorem [KZ, The-
orem 2.1.7] (see [EGNO] for a similar result).
Theorem 2.17. Let C be a rigid monoidal category that admits coequalizers, and
let M be a left C-module that admits coequalizers. Then M ≃ RModA(C) for some
algebra A if and only if the following conditions are satisfied.
(1) M is enriched in C.
(2) There is an object P ∈ M such that the functor [P,−] : M → C is conser-
vative and preserves coequalizers.
In this case, the functor [P,−] induces an equivalence M ≃ RMod[P,P ](C).
3. Semisimple algebras
Definition 3.1. Let A be an algebra in a semisimple monoidal category C. We
say that A is semisimple if RModA(C) is semisimple. We say that A is simple if
RModA(C) is an indecomposable semisimple left C-module. We say that A is a
division algebra if A is a simple right A-module.
Remark 3.2. In the special case C = k, an algebra A in C is simply a finite-
dimensional algebra over k, and A is a semisimple (resp. simple, division) algebra
if and only if A is an ordinary semisimple (resp. simple, division) algebra over k.
Therefore, the above definition indeed generalizes corresponding notions in classical
algebras. This notion of a semisimple algebra was introduced in [KO].
Remark 3.3. In view of Remark 2.7, if A is a division algebra in a semisimple
monoidal category, then HomC(1, A) is an ordinary division algebra. As pointed out
in [O], it is unlikely that a division algebra in a multi-fusion category is semisimple,
however we have no any counterexample.
The following proposition is a well known result. It shows that there is a good
supply of semisimple algebras.
Proposition 3.4. Let C be a multi-fusion category and let M be a semisimple left
C-module. Then the left C-module RMod[x,x](C) is equivalent to a direct summand
of M for every x ∈M. In particular, [x, x] is a semisimple algebra.
Proof. LetM′ ⊂M be the full subcategory formed by the direct summands of a⊗x,
a ∈ C. Clearly, M′ is a left C-module. Let M′′ ⊂ M be the full subcategory form
by those objects y such that HomM(a⊗x, y) ≃ 0 for all a ∈ C, i.e. [x, y] ≃ 0. Then
M′′ is also a left C-module, because [x, a ⊗ y] ≃ a ⊗ [x, y] ≃ 0 for a ∈ C, y ∈ M′′.
By construction, M ≃M′ ⊕M′′.
Consider the functor [x,−] : M′ → C. It is exact because M′ is semisimple.
Moreover, [x, y] ≃ 0 only if y ≃ 0 for y ∈M′, i.e. the functor [x,−] is conservative.
Applying Theorem 2.17, we obtain M′ ≃ RMod[x,x](C). 
Corollary 3.5. Let C be a multi-fusion category and let M be an indecomposable
semisimple left C-module. Then RMod[x,x](C) ≃M for every nonzero x ∈M.
Lemma 3.6. Let A be a semisimple algebra in a multi-fusion category C, and let
A ≃
⊕
i xi be the decomposition of the right A-module into simple ones. Define a
binary relation such that xi ∼ xj if [xi, xj ] 6≃ 0. We have the following assertions:
(1) A ≃
⊕
i,j [xi, xj ].
(2) ∼ is an equivalence relation.
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Suppose there is a single equivalence class for the relation ∼. Then we have:
(3) the functor [xi,−] : RModA(C)→ RMod[xi,xi](C) is an equivalence.
(4) [xi, xi] is a simple division algebra.
(5) [xi, xj ] is an invertible [xj , xj ]-[xi, xi]-bimodule.
(6) [xj , xl]⊗[xj,xj ] [xi, xj ] ≃ [xi, xl] as [xl, xl]-[xi, xi]-bimodules.
Proof. (1) follows immediate from the isomorphism A ≃ [A,A].
(2) Since xj is simple, [xi, xj ] 6≃ 0 if and only if xj is a direct summand of a⊗xi
for some a ∈ C. The relation ∼ is clearly reflexive. If xi ∼ xj , i.e. xj is a direct
summand of some a⊗ xi, then the embedding xj → a⊗ xi induces a nonzero map
aL⊗xj → xi which has to be a quotient, thus xj ∼ xi. This shows that the relation
is symmetric. If xi ∼ xj and xj ∼ xl, i.e. xj is a direct summand of some a⊗xi and
xl is a direct summand of some b⊗xj , then xl is a direct summand of b⊗a⊗xi, i.e.
xi ∼ xj . This shows that the relation is transitive. Therefore, ∼ is an equivalence
relation.
(3) Since there is a single equivalence class for ∼, RModA(C) is an indecompos-
able left C-module. Applying Corollary 3.5, we obtain RModA(C) ≃ RMod[xi,xi](C).
(4) is a consequence of (3).
(5) According to (3), [xi, xi] and [xj , xj ] are Morita equivalent. Note that the
inverse of the functor [xi,−] is given by − ⊗[xi,xi] xi. Therefore, the compos-
ite equivalence RMod[xj ,xj](C) ≃ RModA(C) ≃ RMod[xi,xi](C) carries [xj , xj ] to
[xi, xj ]. This implies that [xi, xj ] is an invertible bimodule.
(6) The composite equivalence RMod[xl,xl](C) ≃ RMod[xj,xj ](C) ≃ RMod[xi,xi](C)
carries [xl, xl] to [xj , xl] ⊗[xj,xj] [xi, xj ], while the equivalence RMod[xl,xl](C) ≃
RMod[xi,xi](C) carries [xl, xl] to [xi, xl]. 
Definition 3.7. Let A be an algebra in a semisimple monoidal category C. We say
that A is a matrix algebra if A admits a decomposition A ≃
⊕n
i,j=1 Aij (n ≥ 1) in
C such that
(1) Aii are simple division algebras;
(2) Aij is an invertible Aii-Ajj -bimodule;
(3) Aij ⊗Ajj Ajl ≃ Ail as Aii-All-bimodules;
(4) the multiplication of A is induced by the isomorphisms from (3).
Remark 3.8. In the special case C = k, a division algebra is unique in its Morita
class, so a matrix algebra in C coincides with an ordinary matrix algebra.
Remark 3.9. If A is a matrix algebra, then A is Morita equivalent to each of
Aii. In fact, A ≃ (
⊕
j Aji)⊗Aii (
⊕
l Ail) by definition. Moreover, the isomorphism
A ≃ A⊗A A implies that Aii ≃ (
⊕
lAil)⊗A (
⊕
j Aji).
Theorem 3.10. Let A be an algebra in a multi-fusion category C. (1) A is a simple
algebra if and only if A is a matrix algebra. (2) A is a semisimple algebra if and
only if A is a direct sum of matrix algebras.
Proof. If A is a simple algebra, then A is matrix algebra by Lemma 3.6. Conversely,
if A ≃
⊕n
i,j=1 Aij is a matrix algebra, then A is Morita equivalent to each of the
simple algebras Aii hence A is simple. This proves (1). (2) is a consequence of (1)
and Lemma 3.6. 
Proposition 3.11. Let A be a division algebra in a multi-fusion category C. Then
A ≃ AL as right A-modules.
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Proof. Let M = RModA(C). We have HomM(A,1 ⊗ A
L) ≃ HomC([A,A],1) 6≃ 0
(c.f. Remark 2.6). So, there is a nonzero morphism of right A-modules f : A→ AL.
Since A is a simple right A-module and since A,AL have the same length as objects
of C, f has to be an isomorphism. 
4. Separable algebras
The following definition is a straightforward generalization and has been exten-
sively used in the literature.
Definition 4.1. Let A be an algebra in a semisimple monoidal category C. We
say that A is separable if the multiplication A⊗A→ A splits as an A-A-bimodule
map.
Proposition 4.2. Let A be a separable algebra in a semisimple monoidal category
C. Then LModA(M) is semisimple for every semisimple left C-module M, and
RModA(N) is semisimple for every semisimple right C-module N.
Proof. The functor x 7→ A⊗x is left adjoint to the forgetful functor LModA(M)→
M. Since HomLModA(M)(A ⊗ x,−) ≃ HomM(x,−) is exact, A ⊗ x is a projective
left A-module for x ∈ M. Let ι : A → A ⊗ A be an A-A-bimodule map which
exhibits A separable. Then for every left A-module z ∈ LModA(M), the map
z ≃ A ⊗A z
ι⊗AIdz
−−−−−→ (A ⊗ A) ⊗A z ≃ A ⊗ z exhibits z as a direct summand of the
projective left A-module A⊗z. It follows that LModA(M) is semisimple. The proof
for RModA(N) is similar. 
Remark 4.3. The separability of A in Proposition 4.2 is essential. For example,
let k′/k be an inseparable finite extension. Regard k′ as a semisimple algebra in k
and regard k′ as a semisimple left k-module. Then LModk′(k
′) ≃ BModk′|k′(k) is
not semisimple.
Corollary 4.4 ([O]). Let A be a separable algebras in a semisimple monoidal cat-
egory C. Then A is semisimple.
Corollary 4.5. Let A be a separable algebra in a semisimple monoidal category
C over k, and M = RModA(C). Suppose HomC(a, a) is separable over k for every
a ∈ C. Then HomM(x, x) is separable over k for every x ∈M.
Proof. Since HomC(a, a) is separable over k, HomC(a, a)⊗k k
′ is semisimple for any
finite extension k′/k. Therefore, C⊠k′ is semisimple. Note that A⊠k′ is a separable
algebra in C⊠ k′. So, M⊠ k′ ≃ RModA⊠k′(C⊠ k
′) is semisimple by Corollary 4.4.
It follows that HomM(x, x) ⊗k k
′ is a semisimple algebra for any finite extension
k′/k. Therefore, HomM(x, x) is separable over k. 
Proposition 4.6. Let A be a semisimple algebra in a semisimple monoidal category
C, and M = RModA(C). The following conditions are equivalent:
(1) The algebra A is separable.
(2) There is a separable algebra B such that M ≃ RModB(C) as left C-modules.
(3) For every semisimple left C-module N, the category FunC(M,N) is semisim-
ple.
(4) The category FunC(M,M) is semisimple.
(5) The category BModA|A(C) is semisimple.
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Proof. (1) ⇒ (2) is obvious. For every semisimple left C-module N, the functor
F 7→ F (A) gives an equivalence FunC(M,N) ≃ LModA(N) with the inverse functor
given by x 7→ − ⊗A x. Applying Proposition 4.2, we obtain (2) ⇒ (3). (3) ⇒ (4)
is obvious. (4) ⇒ (5) follows from the equivalence BModA|A(C) ≃ FunC(M,M).
(5)⇒ (1) is obvious. 
Corollary 4.7. Let A be a separable algebra in a semisimple monoidal category C.
Then every algebra Morita equivalent to A is separable.
Corollary 4.8. Let A be an algebra in a semisimple monoidal category C over k
and let k′/k be a separable finite extension. Then A is a separable algebra in C if
and only if A⊠ k′ is a separable algebra in C⊠ k′.
Proof. We have BModA⊠k′|A⊠k′(C ⊠ k
′) ≃ BModA|A(C) ⊠ k
′ (c.f. Remark 2.16).
So BModA⊠k′|A⊠k′(C⊠ k
′) is semisimple if and only if BModA|A(C) is semisimple.
Then the claim follows from Proposition 4.6. 
Theorem 4.9. An algebra in a multi-fusion category C is separable if and only if
it is a direct sum of separable matrix algebras; a matrix algebra A ≃
⊕n
i,j=1 Aij in
C is separable if and only if the division algebra A11 is separable.
Proof. Combine Theorem 3.10, Corollary 4.4 and Corollary 4.7. 
Theorem 4.10. Let A be an algebra in a multi-fusion category C, and M =
RModA(C). The following conditions are equivalent:
(1) The algebra A is separable.
(2) The canonical morphism v : [A,−]⊗A→ IdM in FunC(M,M) splits.
(3) There exists a morphism AL → A in M such that the induced morphism
IdM → [A,−]⊗A
L → [A,−]⊗A
v
−→ IdM (4.1)
is identity.
(4) There exists a morphism g : AL → A in M such that the induced morphism
β : A
m′
−−→ A⊗AL
IdA ⊗g
−−−−→ A⊗A
m
−→ A (4.2)
is an isomorphism , where m is the multiplication and m′ is adjoint to m.
Proof. (1) ⇔ (2) The equivalence FunC(M,M) ≃ BModA|A(C) carries the mor-
phism v to the multiplication m : A⊗A→ A.
(2) ⇒ (3) The left C-module functor G = [A,−] : M → C has a left adjoint
F = −⊗A and a right adjoint F ′ = −⊗AL. Suppose γ : IdM → F ◦G exhibits the
counit map v split. Then γ is adjoint to a morphism F ′ → F in FunC(C,M) ≃M so
that γ is decomposed as IdM → F
′ ◦G→ F ◦G. Note that the morphism F ′ → F
is induced by a morphism AL → A in M.
(3)⇒ (4) Apply (4.1) on A.
(4)⇒ (1) is obvious. 
Corollary 4.11. Let A be a division algebra in a multi-fusion category C. Then A
is separable if and only if there exist isomorphisms of right A-modules f : A→ AL
and g : AL → A such that the composition
α : 1→ A⊗AL
f⊗g
−−−→ AL ⊗A→ 1
does not vanish.
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Proof. The morphism α coincides with 1
u
−→ A
β
−→ A
f
−→ AL
uL
−−→ 1, where u is the
unit and β is defined in (4.2). Suppose A is separable. Then by Theorem 4.10,
there exists an isomorphism g : AL → A such that β is an isomorphism. So, there
is an isomorphism f : A → AL such that α 6= 0. Conversely, suppose there exist
f, g such that α 6= 0. Then β is an isomorphism. Thus A is separable by Theorem
4.10. 
5. Separability of semisimple algebras
Definition 5.1. We say that a semisimple category C over k is homogeneous if
HomC(x, x) ≃ k for every simple object x ∈ C.
Remark 5.2. If k is algebraically closed, then every semisimple category over k is
homogeneous.
Theorem 5.3. Let C be a homogeneous multi-fusion category such that Z(C) is
semisimple, and let A be a semisimple algebra in C such that RModA(C) is homo-
geneous. Then A is separable.
Proof. Consider the coend W =
∫ a∈C
a ⊗ aR. Since C is homogeneous, W ≃⊕
a ⊗ aR where the direct sum is taken over all simple objects of C. We have
b ⊗W ≃
∫ a∈C
(b ⊗ a) ⊗ aR ≃
∫ a∈C
a⊗ (bL ⊗ a)R ≃ W ⊗ b for b ∈ C. In this way,
W is equipped with a half-braiding hence defines an object of Z(C).
Let M = RModA(C) and F =
∫ x∈M
[x,−] ⊗ x ∈ FunC(M,M). Since M is
homogeneous, F ≃
⊕
[x,−] ⊗ x where the direct sum is taken over all simple
objects of M. We have
F ≃
∫ x∈M ∫ a∈C
HomC(a, [x,−])⊗ a⊗ x
≃
∫ x∈M ∫ a∈C
HomM(x, a
R ⊗−)⊗ a⊗ x
≃
∫ a∈C
a⊗ aR ⊗−
≃ W ⊗−.
Here we used the identity
∫ x∈N
HomN(x,−)⊗x ≃ IdN for a homogeneous semisim-
ple category N.
Since Z(C) is semisimple, the canonical morphism W → 1 in Z(C) splits. Con-
sequently, the canonical morphism F → IdM in FunC(M,M) splits. We may as-
sume A is a simple algebra so that IdM is a simple object of FunC(M,M). Thus
[x,−]⊗ x→ IdM splits for some simple x ∈ M. Replacing A by [x, x] if necessary,
we may assume that x = A. Then we conclude A is separable by applying Theorem
4.10. 
Corollary 5.4. Let C be a multi-fusion category over a perfect field k such that
Z(C) is semisimple. Then all semisimple algebras in C are separable.
Proof. Let A be a semisimple algebra in C, and M = RModA(C). According to
Corollary 4.8, we may assume C and M are homogeneous by applying separable
base extension (c.f. Remark 2.16). Then apply Theorem 5.3. 
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In what follows, we show that the issue of inseparable field extension is never
occurs in a multi-fusion category, and then generalize Corollary 5.4 to imperfect
fields.
Remark 5.5. Let C be an indecomposable multi-fusion category over k and let
K = HomZ(C)(1,1). Then K is a field (see Remark 2.12). Note that the tensor
product of C is K-bilinear, thus C defines a multi-fusion category over K. By
enlarging k if necessary, we may simply assume K = k.
Lemma 5.6. Let C be a multi-fusion category. The algebra HomC(1,1) is separable
over HomZ(C)(1,1).
Proof. We may assume C is a fusion category over k and HomZ(C)(1,1) = k. By ap-
plying separable base extension on C and enlarging k correspondingly (c.f. Remark
2.16) if necessary, we may assume further that HomC(a, a) is a purely inseparable
field over k for every simple a ∈ C. Then the embeddings λa, ρa : HomC(1,1) →
HomC(a, a) induced by the left and right actions of 1 coincide, because there exists
at most embedding between two purely inseparable fields. Note that HomZ(C)(1,1)
is the maximal subfield of HomC(1,1) on which λa and ρa agree for all a. Conse-
quently, HomZ(C)(1,1) = HomC(1,1). 
Remark 5.7. In general, HomC(1,1) is not isomorphic to HomZ(C)(1,1) for a
fusion category C. For example, let k′/k be a separable finite extension and let C =
Funk(k
′,k′). Then C is a fusion category and HomC(1,1) ≃ k
′. But Z(C) ≃ Z(k)
because C is a dual category to k [EO], so HomZ(C)(1,1) ≃ k.
Lemma 5.8. Let C be a multi-fusion category such that HomC(1,1) is a direct sum
of k. Then HomC(a, a) is separable over k for every a ∈ C.
Proof. Consider the exact functor F : C → Funk(C,C), c 7→ c ⊗ −. Let B =⊕
aHomC(a, a) where the sum is taken over all simple a ∈ C. Then Funk(C,C)
can be identified with BModB|B(k), so that F (c) is identified with the bimodule⊕
a,bHomC(a, c⊗ b).
Let a ∈ C be a simple object and let K be the center of J = HomC(a, a).
The coequalizer diagram a ⊗ K ⊗ aR ⇒ a ⊗ aR → a ⊗K a
R splits due to the
semisimplicity of C. Note that F (a⊗ aR) contains the J-J-bimodule HomC(a, a⊗
1)⊗kHomC(1, a
R⊗a) ≃ J⊗kJ as a direct summand. It follows that the coequalizer
diagram of J-J-bimodules J ⊗k K ⊗k J ⇒ J ⊗k J → J ⊗K J splits. That is, J is
separable over k. 
Proposition 5.9. Let C be multi-fusion category. Then HomC(a, a) is separable
over HomZ(C)(1,1) for every a ∈ C.
Proof. Wemay assume C is indecomposable and HomZ(C)(1,1) = k. Then HomC(1,1)
is separable over k by Lemma 5.6. So, by applying separable base extension, we
may assume HomC(1,1) is a direct sum of k. Then apply Lemma 5.8. 
Theorem 5.10. Let C be a multi-fusion category such that Z(C) is semisimple.
Then a semisimple algebras A in C is separable if and only if HomRModA(C)(x, x)
is separable over HomZ(C)(1,1) for every x ∈ RModA(C).
Proof. We may assume C is indecomposable and HomZ(C)(1,1) = k. Necessity of
the theorem follows from Proposition 5.9 and Corollary 4.5. The proof of the other
direction is parallel to that of Corollary 5.4, by using Proposition 5.9. 
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6. The dimension of a division algebra
Definition 6.1. Let A be a division algebra in a fusion category C over k such that
HomC(1, A) ≃ k (this forces HomC(1,1) ≃ k). The dimension of A, denoted as
dimA, is the scalar defined by 1→ A⊗AL
f⊗f−1
−−−−→ AL⊗A→ 1 where f : A→ AL
is an isomorphism of right A-modules. (Such f always exists due to Proposition
3.11 and dimA is independent of the choice of f .)
Remark 6.2. The dimension of a division algebra is related to but different from
the quantum dimension of an object. For example, let C be a homogeneous fusion
category. Then the dimension of the division algebra [a, a] ≃ a ⊗ aL for a simple
object a ∈ C coincides with the squared dimension [Mu1] (or squared norm [ENO])
of a.
Theorem 6.3. Let A be a division algebra in a fusion category C over k such that
HomC(1, A) ≃ k. Then A is separable if and only if dimA 6= 0.
Proof. This is immediate from Corollary 4.11. 
Example 6.4. In the special case C = k, the only division algebra A satisfying
HomC(1, A) ≃ k is the trivial algebra k, and we have dim k = 1.
Definition 6.5. Let C be a homogeneous fusion category, regarded as a left C⊠Crev-
module. The global dimension of C, denoted as dimC, is the dimension of the
division algebra [1,1] in the fusion category C⊠ Crev.
Remark 6.6. Note that [1,1] ≃
⊕
aL ⊠ a where the sum is taken over all simple
objects of C. So, the global dimension defined above agrees with that in [Mu1,
ENO].
The following corollary was proved for a homogeneous pivotal fusion category in
[BV]. The sufficiency was proved in [Mu2, ENO].
Corollary 6.7. Let C be a homogeneous fusion category. Then Z(C) is semisimple
if and only if dimC 6= 0.
Proof. We have C ≃ RMod[1,1](C ⊠ C
rev) by Corollary 3.5. Therefore, Z(C) ≃
FunC⊠Crev (C,C) is semisimple if and only if [1,1] is separable by Proposition 4.6.
Then apply Theorem 6.3. 
Example 6.8. Finite-dimensional Z/pZ-graded vector spaces over a field k of char-
acteristic p 6= 0 form a fusion category. It has a vanishing global dimension, thus
its Drinfeld center is not semisimple.
Remark 6.9. The semisimplicity of Z(C) in Theorem 5.3 is indispensable. For
example, if C is a homogeneous fusion category with vanishing global dimension,
then the simple division algebra [1,1] in C⊠ Crev is not separable.
Theorem 6.10. Let C be a multi-fusion category over a field of characteristic zero.
Then all semisimple algebras in C are separable.
Proof. According to [ENO, Theorem 2.3], if C is a homogeneous fusion category
then dimC ≥ 1, consequently Z(C) is semisimple by Corollary 6.7. Moreover, Z(C)
is also semisimple if C is a homogeneous multi-fusion category by Remark 2.12. The
remaining proof is parallel to that of Corollary 5.4. 
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The following corollary generalizes [ENO, Theorem 2.18] to nonalgebraically
closed fields.
Corollary 6.11. Let C be a multi-fusion category over a perfect field k. Suppose
Z(C) is semisimple or k is of characteristic zero. Then FunC(M,N) is semisimple
for semisimple left C-modules M,N.
Proof. Combine Proposition 4.6 and Corollary 5.4, Theorem 6.10. 
Theorem 6.12. Let C be a fusion category over an algebraically closed field k.
Suppose Z(C) is semisimple or k is of characteristic zero. The following conditions
for a division algebra A in C are equivalent:
(1) A is simple.
(2) A is separable.
(3) dimA 6= 0.
Proof. (1) ⇒ (2) is due to Theorem 5.3 and Theorem 6.10. (2) ⇒ (1) is due to
Corollary 4.4. (2)⇔ (3) is due to Theorem 6.3. 
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